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Investigating the relationship between structure and dynamical processes is a central goal in con-
densed matter physics. Perhaps the most noted relationship between the two is the phenomenon of
de Gennes narrowing, in which relaxation times in liquids are proportional to the scattering structure
factor. Here a similar relationship is discovered during the self-organized ion beam nanopatterning
of silicon using coherent x-ray scattering. However, in contrast to the exponential relaxation of
fluctuations in classic de Gennes narrowing, the dynamic surface exhibits a wide range of behavior
as a function of length scale, with a compressed exponential relaxation at lengths corresponding to
the dominant structural motif - self-organized nanoscale ripples. These behaviors are reproduced in
simulations of a nonlinear model describing the surface evolution. We suggest that the compressed
exponential behavior observed here is due to the morphological persistence of the self-organized
surface ripple patterns which form and evolve during ion beam nanopatterning.
Understanding the relationship between structure and
dynamical processes is a central goal in condensed matter
physics. Coherent x-ray scattering has emerged as a pow-
erful approach which can simultaneously investigate dy-
namics through X-ray Photon Correlation Spectroscopy
(XPCS) and structure through measurement of the scat-
tering structure factor [1, 2]. The quintessential relation-
ship between fluctuation dynamics and structure is the
phenomenon of de Gennes narrowing, in which the neu-
tron inelastic scattering linewidth w(q) in liquids is found
to narrow at the position of the peak in the scattering
structure factor I(q), with w(q) ∼ I(q)−1 [3]. The cor-
responding correlation times τ(q) are then proportional
to I(q). Here we use coherent x-ray scattering to explore
the relation between structure and dynamics during the
phenomenon of self-organized ion beam nanopatterning
and find telling similarities with de Gennes narrowing,
but also important differences. Simulations of the surface
evolution are shown to reproduce the observed behavior
which we relate to the evolving ripple morphology on the
surface.
∗ peco@bu.edu
† ludwig@bu.edu
Coherent scattering experiments measure dynam-
ics in the time domain through correlation functions,
particularly the intensity autocorrelation g2(q,∆t) =
〈I(q, t1)I(q, t2)〉t′ / 〈I(q, t′)〉2t′ , where ∆t = |t1 − t2| and
t′ represents the range in t1 and t2 times over which
the function is calculated[4]. For a practical matter, this
function is also typically averaged over equivalent values
of q. While the detailed behavior of the correlation func-
tion can be complex, experimentally they can often can
be fit with a Kohlrausch-Williams-Watts (KWW) func-
tion [5]: g2(q,∆t) = {1+βexp[−2(∆t/τ(q))n(q)]}, where
n(q) is an exponent characterizing the fluctuation decay
and β is an experimental contrast factor. In a simple
linear process with uncorrelated Gaussian random noise
η(q, t), the evolution of the spatially-dependent system
ordering φ(q, t) is:
∂φ(r, t)
∂t
= −A(q)φ(q, t) + η(q, t). (1)
If A(q) is positive so that the system is stable to fluc-
tuations, then, in equilibrium, the structure factor in-
tensity is 〈I(q)〉 ∼ 〈φ∗(q, t)φ(q, t)〉 ∼ 〈η2〉/A(q). The
intensity autocorrelation function g2(q,∆t) exhibits an
exponential decay with time constant 1/2A(q) [6] so that
τ(q) ∼ 〈I (q)〉. Thus, the classic de Gennes relationship
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FIG. 1. Top: A schematic diagram of the GISAXS exper-
iment. The ion source is placed at the polar angle θ, which
causes self-organized rippling on the silicon surface. The sam-
ple is positioned so that the X-ray incident angle αi is slightly
above the critical angle of total external reflection. The scat-
tering is recorded as a function of the exit angles αf and ψ us-
ing a 2D detector. Bottom: A detector image during nanopat-
terning. The Yoneda wing, spread across qz = 0.36nm
−1 or
q′z = 0.16nm
−1, is the surface-sensitive scattering exiting the
sample at the critical angle, αc. For Ar
+ patterning, correla-
tion peaks at q|| or q0 ' ± 0.18nm−1 are due to the correlated
nanoripples on the surface.
is a hallmark of a purely linear dynamics. If the dy-
namics contains nonlinearities then the relaxation is no
longer exponential and the deviation of the KWW expo-
nent n(q) provides an important characterization of the
nonlinear behavior.
This study uses coherent Grazing-Incidence Small-
Angle X-ray Scattering (co-GISAXS) to investigate the
nanopatterning dynamics during 1 keV Ar+ and Kr+ ion
bombardment of silicon at an angle of θ = 65◦. At this
bombardment angle, nano-ripples are known to form on
the surface with a wavevector parallel to the projected di-
(    )
FIG. 2. KWW fits of gT2 (q||,∆t) for select wavenumbers at
aging time T=775 s. For Kr+ patterning, correlation peaks
are at q|| or q0 ' ± 0.21nm−1.
rection of the incoming ions onto the sample surface [7, 8].
Experiments used a photon energy of 9.65 keV and the
incident X-ray angle αi was 0.26
◦, which is slightly above
the critical angle of total external reflection. Detector im-
ages were recorded every 0.25 s. In the x-ray scattering,
the direction parallel to the ripple wavevector is denoted
q|| and the direction perpendicular to the surface is qz.
These correspond approximately with the horizontal and
vertical directions on the position-sensitive x-ray detec-
tor (Fig. 1). Ions enter from the side of the positive
y-axis.
We focus primarily on x-ray scattering intensity along
the Yoneda wing, which is particularly sensitive to sur-
face morphology [9]. In the limit that qzh is small,
where h is a height on the surface, the GISAXS inten-
sity along the Yoneda wing is proportional to the height-
height structure factor [10]. As h becomes larger, the
scattering intensity is closely related to the height-height
structure factor, but reduced by destructive interference
within structures. As shown in the bottom part of Fig.
1, during bombardment correlation peaks grow in the
scattering pattern at wavenumbers ±q0; these are due to
the formation of the correlated nano-ripples with wave-
length λ = 2pi/q0. The ripple structure coarsens with
time, but at a very slow rate so that the correlation peaks
remain well within the detector window throughout the
experiment. For our purposes here, this is an impor-
tant difference with previous XPCS studies of ion beam
nanopatterning of GaSb [11] and SiO2 [12]. It’s known
that the ripples move across the surface during contin-
ued bombardment and that, at late times, the sinusoidal
ripples develop into asymmetric sawtooth structures [13–
16], which creates asymmetry in the scattering between
positive and negative q|| [8, 17].
To quantitatively analyze the evolution, age-dependent
correlation functions gT2 (q||,∆t) with the range t
′ over
which the autocorrelation function is evaluated being
± 125 s around a central aging time T = (t1 + t2)/2
[18]. These were fit with the KWW form to deter-
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FIG. 3. Correlation times τ(q||) and exponents n(q||) ex-
tracted from gT2 fits at different aging times T for Kr
+ pat-
terning.
mine age-dependent correlation times τ(q||) and expo-
nents n(q||). Figure 2 shows examples of the normalized
gT2 (q||,∆t) data and fits at various negative wavenum-
bers for T = 775 s. A clear change from compressed ex-
ponential behavior (n > 1) near the ripple wavenumber
q0 ' −0.21nm−1 (as evidenced by downward curvature
at ∆t = 0) to stretched exponential behavior (n < 1 at
high wavenumbers (as evidenced by upward curvature at
∆t = 0) is observed.
Figure 3 exhibits how τ(q||) and n(q||) evolve with T
for Kr+ bombardment, in comparison with the speckle-
averaged scattering itself which shows peaks due to
the continued growth and coarsening of correlated rip-
ple structures. At the earliest times shown, there is
only a modest variation of τ(q||) with wavenumber for
|q||| < 0.32 nm−1. With continued evolution, τ(q||)
grows markedly at the ripple wavenumber, forming an in-
creasingly narrow peak. The speckle-averaged intensity
I(q||) is slightly higher at negative q|| than at positive q||,
while τ(q||) behaves in the opposite manner. Figure 3
also shows that the KWW exponent n(q||) exhibits rich
behavior, developing a peak near the ripple wavenum-
ber with a maximum value of approximately 1.7-1.8, but
falling to a value well below one at high wavenumbers.
To better understand the observed behavior, we have
performed simulations of a nonlinear model describing
ion beam nanopatterning due to Harrison, Pearson and
Bradley (HPB) [16, 19]:
∂h(r, t)
∂t
=Ahy + νx hxx + νy hyy + λx h
2
x + λy h
2
y +
γy h
3
y − κ∇4h+ η(r, t). (2)
where η(r, t) is a Gaussian white noise and the individ-
ual coefficients are related to detailed surface response
via sputter erosion and lateral mass redistribution. The
first derivative term is related to the angle-dependence of
the sputter yield and drives structures across the surface.
In our case, the curvature coefficients νy < 0, νx > 0, so
that the initial surface is unstable to the formation of
ripples in the y-direction, which is the direction probed
by the x-ray experiments. The effect of the quadratic
terms is to control the exponential growth of the insta-
bility, while the h3y term causes the initial sine-wave ripple
structure to evolve into an asymmetric sawtooth struc-
ture and to coarsen. Numerical integrations were per-
formed on a 2048 × 2048 lattice and, for comparison
with experiment, the lattice size and time units in the
simulations are set as 1 nm and 1 s respectively. Coeffi-
cients used in the simulations were chosen to reasonably
model the Ar+ bombardment: A = -0.26, Sx = 0.45, Sy
= -0.45, B = 6.96, λx = 1.94, λy = 1.94, γy = 11.89,
< η2 > = 0.1.
Predicted GISAXS scattered intensities Isim(q||) were
calculated from the simulations using the formalism of
Sinha et al. [10]. From these, intensity autocorrelation
functions gT2−sim(q||, t) were calculated and fit to deter-
mine τsim(q||) and nsim(q||) at T = 750s. These are
shown in Fig. 4. Good overall agreement with the exper-
imental trends is observed. In particular, an asymmetry
in I(q) develops, with the peak being slightly higher on
the left than on the right side. This effect can also be
calculated directly from asymmetric sawtooth patterns
when the slope is higher on the positive side (ion beam)
side of the sawtooth than on the negative side. This is
indeed what is observed in analysis of post-facto AFM im-
ages and is consistent with literature results. In addition,
τsim(q||) shows peaks at the ripple wavenumbers ±q0 and
their harmonics ±2q0, as does the exponent n(q||).
The correlation between peaks in the scattering inten-
sity and in τ(q||) found in the nanopatterning experi-
ments and simulation is evocative of the relation between
structure and dynamics embodied in de Gennes narrow-
ing. That phenomenon is often explained physically as
being due to the stability of nearest-neighbor atomic ar-
rangements in liquids which give rise to the first sharp
diffraction peak. Based upon MD simulations, however,
Wu et al. [20] have argued that the physical cause of the
phenomenon is more complex and involves correlations at
long length scales for which structural rearrangements oc-
cur only slowly. In the case of ion beam nanopatterning,
the obvious interpretation of the long correlation times
near the ripple wavenumber q0 is that they are due to
the long-lived nature of the surface ripples.
4FIG. 4. Correlation times τ(q||) and exponents n(q||) ex-
tracted from gT2 fits in Ar
+ patterning and its simulation.
While the correlation time and scattering intensity are
simply proportional in classic de Gennes narrowing, in
the present case the relative variation in τ(q||) is much
less than the relative variation in I(q||) as Fig. 3 shows.
Concomitantly, gT2 (q||,∆t) near the ripple wavenumber
exhibits strongly compressed exponential behavior.
Contrary to their late-time behavior, for times ∆t < τ
a compressed exponential is a slower decay than a simple
or stretched exponential having the same time constant.
The limiting slope of the KWW function as ∆t → 0
is proportional to (∆t)n−1, so that stretched exponen-
tial behavior at early times requires a large contribution
from short decay times, while a compressed exponential
behavior n > 1 at early times suggests their absence [21].
The most common rationale cited for structural persis-
tence causing compressed exponential behavior at short
times ∆t in both soft materials [22] and metallic glasses
[23] is collective ballistic flow of local structures due to in-
ternal stress relaxation. The HPB equation, which repro-
duces the experiments well, does not contain any stress-
related mechanism. A useful analogy is instead with the
behavior of phase ordering and phase separating systems
[24–28]. There, the correlation function can be calculated
from theory. Though the theoretical form for the de-
cay of correlations involves modified Bessel functions, the
KWW function fits the functional form well for ∆t < 2τ
and gives a compressed exponential with n ≈ 1.56 and
n ≈ 1.69 for 2- and 3-dimensions respectively. For the
phase ordering and phase separating systems the com-
pressed exponent is linked to the persistence of the do-
main structure [24, 25]. In analogy, for self-organized ion
beam nanopatterning, we suggest that the compressed
exponential dynamics observed here near ±q0 points to
the local morphological stability of their ripple pattern
even as it moves across the surface. At higher wavenum-
bers |q| > q0, the KWW exponent decreases to one and
below, suggesting that this persistence does not exist on
shorter length scales, instead there is a range of relax-
ation rates, including some that are quite short.
From these perspectives, it’s also noteworthy that the
HPB equation includes the Kardar-Parisi-Zhang (KPZ)
quadratic nonlinearities h2x, h
2
y [29]. The results for the
pattern-forming ion bombardment process can be com-
pared with the behavior of the KPZ equation itself, which
exhibits only kinetic roughening without the formation of
ordered structures. In (2+1) dimensions, the equilibrium
KPZ intensities scale as I(q) ∼ q−(2+2α) while relaxation
times scale as τ(q) ∼ q−z, where α ≈ 0.39 is the rough-
ness exponent and z ≈ 1.6 is the dynamical exponent.
Thus, just as observed for the ion beam nanopatterning,
the relative variation of τ(q) is less than the relative vari-
ation in I(q). At large ∆t, the KPZ dynamics exhibits
stretched exponential behavior [30]. However, for small
∆t, the leading terms in the relaxation are those of a
compressed exponential [31] and simulations are also fit
well with compressed exponential behavior [32]. These
suggest an effective exponent n ≈ (2 + 2α)/z ≈ 1.74 [31].
This exponent value is, in fact, at least approximately
equal to that observed at the nanoripple wavenumber
peaks ±q0 in these experiments. There have been exten-
sive studies of temporal and spatial persistence in the
KPZ and other growth models using different metrics
than measured by speckle correlation experiments. It
would be interesting to expand theoretical inquiry into
the persistence of surface morphology itself, as measured
in these experiments.
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